





















































Theorem1 ExistenceofMonotunestseq Let fan
be anysequence of real

numbers Then it has a

monotone subsequence ex

Pf We call a natural number a peak index

Amis then called a peak term forthe seq an if
I T.tk or

I am 7 Anuj f j t N Itt in

Thus either there are ft moffm itihf.tnsnin ome
many peak indices or there are infinitely

Tew

many peak
indices

Case I There are onlyfinitelymarry peak hiding
so I NEN s h If peak indices greater than

N

if m N then m is not a peak mid ex ie

I am L army for some j e N ftp.t

In partimlow we pick my Ntl so I n z n

such that
A n C a n z

applying Mio n and Nz n j fr snitwth j



Repeating the same the nz form we get some

Mz na s't An z C a
ng Indnutively

me have

a strictly increasing req nk ceµV
natural numbers sit

A
is

An F KE N

so Ana is a strictly increasing subsey
4 air

Case 2 There are infinility many peak indices so

we have
N C n z C Ng s

with each ofthem being a peak index By

definition of peak one they hass

Ah 3 9h23 An

tank is a decreasing subseyof au

Th 2 Bolzano Weierstrass Let xn be
a bounded req so Iffasb s r as xn Eb Fn th

Then xn has a convergent subseq



Pf By Thi f a monotone subseq Xna

of xn Smu Kma is also bounded

with Louw bound a d upperbound
b

it must be convergent by MCT

Note lien Xiu C a b by the

order preserving propertyfor limits Thus

Th 2 can alternatively be stated as follows

Th 2 Bolzano WeierstrassTh
Let

xn be a sequence
in a bounded

closed mitral a b Then I

a convergent subseq Xna smh that

liq Xn k E a b

Note The B Wtheorem can be alternatively

proted by Nested Internal
Th BisechinTechnique

Ths Canchytribi on Sequence xn

converges iff it is Candy
Prof We show the sufficient part
as the Neu Pont already noted



Let xn he Canbe In particular I

No C Al s h

Xm Xn K I f m n No

Let M max l X nd t l l Xi l I Card

Then as before I kn l E M k n th at n

Hn is bounded and hence it has a

convergence subseq
Xna

x liam Ink
with the aid ofCandyproperty thatWeshow
y Iinm X

To do this but soo Take NE Al s t

I un Xm K t m n N

and also I KEN s t

I en n k k k k Z K
K

Take a natural number k Z N K so

at o mas k 3 N Noli than that tuthni k

I X n Knick 42 k n Z N
I Xn k n I s 42



and itfollowsfromthe O inequality that

Hn n Is e k n N
i e I m xn K


